Abstract-While methods of determining the iron loss in rotating permanent-magnet (PM) machines have been investigated extensively, the study of iron loss in linear machines is relatively poorly documented. This paper describes a simple analytical method to predict flux density waveforms in discrete regions of the laminated stator of a tubular PM machine, and employs an established iron loss model to determine the iron loss components, on both no load and on load. Analytical predictions are compared with the iron loss deduced from finite-element analyses for two tubular PM machine designs, and it is shown that if a machine has a relatively high electrical loading, the on-load iron loss can be significantly higher than the no-load value.
I. INTRODUCTION

L
INEAR electromagnetic machines, which can provide thrust force directly to a payload or generate electrical power from an applied thrust, are being developed for a wide spectrum of applications in market sectors as varied as manufacturing and household appliances [1] - [4] . They offer numerous advantages over rotary-to-linear motion systems. Of the various types and topologies of linear motor, tubular permanent-magnet (PM) machines are particularly attractive, since they have a high thrust force capability and no end-windings, and have zero net attractive force between the stator and armature.
However, while methods of determining the iron loss in rotating PM machines have been investigated extensively, the study of iron loss in linear machines is poorly documented. This paper uses a simple analytical model to predict flux density waveforms in discrete regions of the laminated stator of a tubular PM machine, and employs established analytical expressions to determine the iron loss components, on both no load and on load. Analytical predictions are compared with the iron loss deduced from finite-element (FE) analyses for two tubular PM machine designs, and it is shown that the on-load iron loss can be significantly higher than the no-load value.
The laminated stators of the two machines have the same topology, viz. nine teeth which carry a modular three-phase winding, in which the coils of each phase are accommodated in adjacent slots, as illustrated in Fig. 1, and armature is quasi-Halbach magnetized, each pole comprising one radially magnetized ring magnet and one axially magnetized ring magnet. This machine topology has the advantages of high force capability, high efficiency, and low manufacturing cost, while the cogging force associated with the stator slotting can be very low. One machine was designed to produce a thrust force of 4 kN at a speed of 11 m/s (equivalent to a rated power of 44 kW) while the other was designed to produce a thrust force of 250 N at a speed of 6 m/s (equivalent to a rated power of 1.5 kW). In the high-power machine the PMs are mounted on a nonmagnetic tube, while in the low power machine they are mounted on a mild steel tube.
II. ANALYTICAL METHOD
The analytical method of iron loss calculation employs analytical expressions reported in [5] for predicting the magnetic field distribution in the air gap due to the Halbach magnetized magnets and the three-phase stator winding, and, thereby, to deduce flux density waveforms in three discrete regions of the laminated stator core. Fig. 2(a) shows the three regions, viz. tooth tip , tooth , and the back-iron . The iron loss density is calculated in each region using the experimentally verified iron loss density model defined in [6] , [7] , (1)-(3) being, respectively, the hysteresis loss component (neglecting minor hysteresis loops), the classical eddy-current loss component, and the excess eddy-current loss component where and are the frequency and amplitude of the fundamental flux density; and , , and are the electrical conductivity, the mass density, and the lamination thickness, respectively. , and are experimentally determined loss coefficients, the values which were used for the calculations in this paper being given in the Appendix . The total iron loss is then given by (4) where and are the area of region in the -plane and the radius of its mass center, respectively, and is the total number of regions into which the stator is discretized, which is three in the analytical model. The same procedure is employed to estimate the iron loss both on n load and on load, and is equally applicable to the FE model, when is the number of FEs into which the stator core is discretized [see Fig. 2 
Analytical field solutions for the tubular PM machine are obtained by assuming that the ferromagnetic armature and stator cores are infinitely permeable [5] . In order to account for core saturation, however, a fictitious increase in air-gap length , given by (5) is introduced, where and are the magnetomotive force (MMF) drops in the armature and stator cores, respectively, and is the average flux density at the stator bore, as described in [8] A. No-Load Operation 1) Tooth Tip Region: The flux density in the tooth tip region is essentially alternating in the axial direction, and it experiences a rapid reversal in polarity as the PM armature moves past the teeth. Maximum flux density in the tooth tip region occurs after the axis of a tooth has coincided with a transition between magnet poles, as shown in Fig. 3 . On open circuit, the maximum flux entering into the tooth tip region can be evaluated analytically from (6) where is determined using the expression given in [5] , viz.
where , are modified Bessel functions of the first kind;
, are modified Bessel functions of the second kind, of order 0 and 1, respectively; and and are given in [1] . The maximum flux density in the tooth tip region is, therefore, (8) where is the stator bore radius, the other geometric parameters being defined in Fig. 4 .
The transition time from flux of one polarity to the other is given by the following empirical equation: (9) where is the air-gap length, is the relative recoil permeability of the magnets, is the linear speed of the armature, and are, respectively, the axial lengths of the radially magnetized and axially magnetized ring magnets and is the pole pitch.
2) Tooth Region: The flux passing through the tooth can be obtained from the following integration:
The flux is a maximum when the axis of a tooth coincides with the PM poles, as illustrated in Fig. 5 , and is a minimum when the tooth axis coincides with a transition between magnet poles Fig. 3 . The flux is predominantly radial, and flux density in the middle of tooth is given by (11) 3) Yoke Region: Similarly, the flux passing through the yoke can be obtained by the following integration:
However, the flux is now predominantly axial, and the flux density is given by (13) where is the outer radius of the stator, and is the yoke thickness.
B. On-Load Operation
The on-load armature reaction field can also be derived analytically. The resultant field in the air gap is then obtained by superposition of the open circuit and the armature reaction fields. The flux density waveforms in the different regions of the stator and the on-load iron loss are then evaluated in the same way as under the no-load operation. By way of example, the current distribution in phase of the slotted stator may be represented 18) where is the number of turns per coil, is the number of slots over the modular pitch of ten poles, and is the instantaneous value of current in phase B. In order to establish an analytical solution for the armature reaction field, the axial length of the machine is assumed to be infinite, and the stator core is assumed to be infinitely permeable. Since the field is axially symmetrical, the vector magnetic potential only has the component , which is independent of . The field equation, in terms of , is then given by
The boundary conditions to be satisfied by (19) are given by for a nonmagnetic support tube for a magnetic support tube (20) where is the outer radius of the mild steel support tube of the smaller machine. A field solution is obtained by solving (19) subject to the boundary conditions of (20), By way of example, with a nonmagnetic support tube, flux density components are given by (21) where (22) The flux density components due to phases A and C can similarly be obtained, by shifting the axial displacement by . The resultant armature field reaction is then obtained by summing the armature reaction fields of the three phases.
III. VALIDATION
FE analysis has been used to assess the validity of the developed analytical method for predicting the stator iron loss in tubular PM machines. It has been applied to two machines with different power ratings. The flux density waveforms in the stator core are calculated by time-stepped FE analysis, and the stator iron loss is evaluated using (1) to (4). Tables I and II compare the iron loss components for the two machines operating on no-load and at rated-load and at rated speed. For each machine, the losses are normalized to the total no-load value obtained by FE analysis. It should be noted that the on-load iron loss in the high-power machine is significantly higher than the no-load value. This is due to the fact that its stator is water cooled, and, hence, has a relatively high electric loading. The associated armature reaction field is, therefore, much stronger, and results in a higher saturation level, significant flux harmonics, and, consequently, a greater iron loss.
It should be noted that on no load the loss in each tooth of the stator is the same. However, under load conditions, the flux density waveforms which result from the combined effect of the open-circuit and armature reaction fields are different in each tooth of a phase module. Consequently, the iron loss in three groups of teeth, viz., [ , , ], [ , , ], and [ , , ], as defined in Fig. 7 , are different. The analytical method is, therefore, applied to one tooth in each group, and the total loss is the sum of the loss in three groups of teeth (23) where , , and are the iron losses in teeth 1, 2, and 3, respectively. Fig. 2(a) shows the various points in the stator core at which analytically derived flux density waveforms have been compared with that deduced from FE analysis for the larger machine under no-load and rated load operation. Figs. 8-10 compare the FE and analytical flux density waveforms on no load, in the tooth tip, tooth body, and back-iron regions, respectively. Similar comparisons for the rated load conditions are given in Figs. 11-13 for tooth . As will be seen, the FE and analytically predicted flux density waveforms in the tooth body and back-iron regions agree reasonably well both on no load and at rated load. The flux density waveforms in the tooth tip region are, however, much more complex, and vary with axial position. Thus, the analytically predicated flux density waveforms can only approximate the actual waveforms.
Despite the fact that the FE and analytically predicted flux density waveforms do not compare very well in the tooth tip regions, and the fact that the analytically calculated iron loss is determined only from the dominant single component of flux density in each of the three regions, while the FE calculated value accounts for the loss due to each orthogonal flux density component in each element, the total iron loss predicted by the two methods is in good agreement.
By way of example, Fig. 14 compares the variation of the analytically and FE predicted iron loss of the larger machine on no load and at rated load as a function of the armature speed. As will be evident, the iron loss predicted by the two methods agrees well. Fig. 15 shows a similar comparison for the smaller machine. Again, good agreement is obtained between the analytical and FE predictions.
It should be noted that the iron loss in the tooth tips is quite similar under the full-load and on-load conditions. This is due to the fact that the armature reaction field tends to increase the flux density on one side of a tooth tip and decrease it on the other side. Thus, the total iron loss does not change significantly. Experimental validation of the predictions is extremely challenging, since most linear machines operate in reciprocating systems, and are, therefore, constantly being accelerated and decelerated. Furthermore, in practice, the actual core loss will also be sensitive to the lamination stack pressure and mechanical stress, and will be affected by the presence of burrs on the laminations, effects which are difficult, if not impossible to model. Nevertheless, it has been shown [6] , [7] that iron loss prediction by time-stepped FE analysis, using experimentally determined iron loss coefficients for the particular grade of lamination material, and based on an experimentally validated iron loss model is extremely accurate, and, therefore, may provide adequate validation of the proposed analytical method. However, further experimental work is still necessary in order to ultimately validate the proposed method.
It should also be noted that due to the MMF space harmonics of the stator winding and the slotting effect of the stator core, eddy current losses will also be induced in both the magnets and supporting tube (if they are electrically conductive). The techniques for predicting these losses have been reported in [10] and [11] . TABLE III  MATERIAL CHARACTERISTICS (TRANSIL300) IV. CONCLUSION A relatively simple analytical method to predict the stator iron loss in tubular linear PM synchronous machines has been described. Its utility has been demonstrated on two linear machines under both no-load and full-load conditions. It has been shown that, despite the simplicity of the analytical model, the predicted iron loss is in excellent agreement with that deduced from FE analysis. The analytical tool should, therefore, be useful for comparative design studies, and aid design optimization.
APPENDIX
See Table III. 
